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Abstract. We give several necessary and sufficient conditions for the existence 
of the presentation by conjugation for a non-simply laced extended afBne Weyl 
group. We invent a computational tool by which one can determine simply the 
existence of the presentation by conjugation for an extended affine Weyl group. As 
an application, we determine the existence of the presentation by conjugation for 
a large class of extended affine Weyl groups. 



0. Introduction 

Let R be an extended affine root system, then its Weyl group W is said to have the 
presentation by conjugation if it has the following presentation: 
generators: w a , a G R x , 

relations: = 1, w a W/3W a = W Wa tp), (a,/3 G R x ), 
where R x is the set of non- isotropic roots of R and w a is the reflection based on 
a 6 R x . In other words W has the presentation by conjugation, if it is isomorphic to 
the presented group W, defined by the above generators and relations. Since W is a 
Hopfian group (see Lemma ri.l8|) . it follows that W has the presentation by conjugation 
if and only if the epimorphism tp : W — > W induced from the assignment w a <— > w a , 
a G R x is one-to-one. 

Let us recall briefly what is known about this presentation. The following subclasses 
of extended affine Weyl groups are known to have the presentation by conjugation: 

• finite and affine Weyl groups, (see [St] and [MP, Proposition 5.3.3], 

• simply laced extended affine Weyl groups of rank > 1 (see [KJ Theorem, 
IH.1.14]), 

• extended affine Weyl groups of index zero, including extended affine Weyl 
groups of types F4 and G2 (see |A41 Theorem, 5.15]), 

• nullity 2 extended affine Weyl groups of types A±, Be, Ce (see |A31 Theorem 
3.1]), 
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• all but one, nullity 3 extended affine Weyl groups of type A\ (see [AS2, Theorem 
5.16 and Corollary 5.17]). 

It is shown in [AS2] . that for each nullity > 2, there is at least one extended affine 
Weyl group of type A\ which does not have the presentation by conjugation. In [HI] 
a necessary and sufficient condition is given for the existence of the presentation by 
conjugation for an extended affine Weyl group (minimality of the corresponding root 
system). Also in |AS2] , using a notion of minimality on the set of generators of the Weyl 
group, a necessary and sufficient condition is given for the existence of the presentation 
by conjugation for ^4i-type extended affine Weyl groups. One of the most interesting 
results related to this presentation is that the kernel of the epimorphism tp defined 
above, in the case of A%, is a direct sum of a finitely many copies of Z 2 , where an upper 
bound is found for the number of copies. We show that this result remains valid for all 
reduced extended affine Weyl groups (Corollary |2.29|) . 

In this work we consider non-simply laced extended affine root systems (Weyl 
groups). Since the problem of existence of the presentation by conjugation for ex- 
tended affine Weyl groups of type BCi can be reduced to those of type Bi (see [Lemma 
5.7] |H1| ). we only concentrate on types Bi, Ce, F 4 and Gi. 

In Section [TJ we record some basic facts regarding semilattices which will be of our 
use in the forthcoming sections. We have tried to keep this section as short as possible, 
we refer the interested reader to [AABGP] . |A4] and |AS2| for details on the topics 
involved. 

In Section we associate a presented group W to the extended affine root system R 
(see Definition ^. 1[) . First, by using only the defining relations of W, we find a suitable 
finite set of generators for W and its center and also determine the relations among 
these generators (see Lemmas 12.51 12.121 12. 151 and Proposition 12 . 19f i)- (vii) ) . Next, we 
show that kernel of ip is isomorphic to the direct sum of no = log 2 n copies of Z 2 , 
where n is the number of integral collections for R (see Proposition I2.23|) . Finally, we 
state our main theorem f Theorem 12.331) which reveals several necessary and sufficient 
conditions for the existence of the presentation by conjugation for a given extended 
affine Weyl group. In particular, W has the presentation by conjugation if and only 
if R has only one integral collection, namely the trivial collection. This provides a 
computational tool by which one can determine whether or not a given extended affine 
Weyl group has the presentation by conjugation. 

As an application of the main theorem, we determine a large class of extended affine 
Weyl groups which have (or don't have) the presentation by conjugation. In particular, 
up to isomorphism, we give the precise answer for the existence of the presentation by 
conjugation for all extended affine Weyl groups of nullities < 3 (see Corollaries 12.361 - 
I2.4ip . We concluded the paper with an appendix which provides a second proof for 
one of the earlier results in the paper. 

The authors would like to thank A. Abdollahi for a fruitful discussion on Hopfian 
groups which led to the proof of Lemma Tl. 181 
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1. Preliminaries 

1.1. Essential supporting class of a semilattice. For any positive integer n, we 
write J n = {1, . . . , n} and for t G J n , we set = {t + 1, . . . , n}. Also if r, s G J„ with 
r < s, we write r < s G J n , in this case also we denote {r, s} with {r < s}. We use a 
similar notation for r < s. If J C J n and elements of a group G, by H rg j x r 
we mean the product with the usual order on J as a subset of J n . If J is an empty set, 
we interpret the product as zero. 

Let S be a semilattice in a ^-dimensional real vector space V , that is, S is a discrete 
spanning subset of V° satisfying £ 5 and 5 = S ± 2S 1 . The Z-span (S) of 5 is a free 
abelian group of rank v, called a lattice in V°. By [AABGPl Proposition II. 1.11], there 
exists a set 23 = {ay, . . . , cr u } satisfying 

■BCS, V° =^Mcr r and (S) = ^Zcr r . (1.1) 

r— 1 r— 1 

We call such a set 23, a &as?s for S and we fix it throughout this work. For a set J C J„ 
we put 

r, := 5>r e <S) (1.2) 

(If J = we have by convention X)re 7 °V = With respect to 23 we define 

supp s (5) = {JCJ„ : Tj eS} (1.3) 

and 

Esu PPs (S) = {jGsupp s (S) : |J|>3}. (1.4) 
Since S ± 25 C 5, it follows that 

S= |+J (^ + 2(5)). 

JGSUpp B (S) 

The collections supp s (S) and Esupp s (S 1 ) are called the supporting class and essential 
supporting class of S (with respect to the basis 23), respectively. We drop the subscript 
23 when there is no confusion. The integer |supp s (S')| — 1 is called the index of S and 
is denoted by ind(S). Since 23 C S, we have {{}, {1}, . . . , {v}} C supp s (S'), and so 
v < ind(5) < T. 

1.2. Extended afRne Weyl groups. Let V be a finite dimensional real vector space 
and (•, •) be a symmetric positive semidefinite bilinear form on V. An element a G V 
is called non-isotropic (resp. isotropic) if (a, a) ^ (resp. (a, a) = 0). For a non- 
isotropic element a, we set a v = 2a/(a,a). The set of non-isotropic elements of a 
subset A will be denoted by A x . 

Throughout this work we assume (V, (•,■), R) is a reduced non-simply laced extended 
affinc root system of rank £, nullity v and twist number t (see AABGP , Chapter II] for 
details). As it was explained in the Section[Dl the results for type BCt can be reduced to 
those of type B e . We denote the type of R with X. So X = B t {t > 2), C e (£>3), F 4 , 
or Gi- Let V° be the radical of the form. By AABGP, Lemma II. 4. 15 and Proposition 
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II. 4. 17], we may find two subspaces V° and V° of dimension t and v — t, respectively, 
and two semilattices Si and S 2 in and VSJ, respectively, with V° = V? © V 2 and 

i? = Si, S 2 ) := (S + S) U (4^ + Si © (&)) U (4 S + k(Si) © S 2 ), (1.5) 

where S := Si © (S 2 ), and i? := {0} U 4ft U is an irreducible finite root system of 
type X and rank € with 4ft as the set of short roots and 4g as the set of long roots of 
R. Also k = 3 if X = G 2 and k = 2, otherwise. Note that if t = u, then V§ = S 2 = {0}. 
By jAABGPl Proposition II.4.9], if X = F 4 or G 2 , then Si and S 2 are lattices in V° 
and V°, respectively. Also, if X — Bi (resp. X — Ci) with ^ > 3, then S 2 (resp. Si) 
is a lattice in VS] (resp. V?). It is known from the classification of finite root systems 
that we may fix (we do) a basis 

II = {ai, . . . , a{\ of R with ai G i?sft, a 2 G Ri g and (ai,a 2 )^0. (1-6) 

To emphasize on the roles of a\ and a 2 in our work and to distinguish them from other 
simple roots in II, we set 

61 := ai and 62 := ctf 2 . 

As in Subsection 11.11 we may fix a basis 23 = 23 1 U 23 2 of S with 23 1 := {<ti, . . . , crt}, 
23 2 := {cr t+ i, . ..,<7„} and 

t 1/ 
23iCSi with (Si)=^ZCT r and 23 2 C S 2 with (S 2 ) = ^ Za r , (1.7) 

r=l r=t+l 

that is 23i (resp. 23 2 ) is a basis of Si (resp. S 2 ). 

Here we need to recall some terms from AS3] which will be needed in the sequel. 
For any i £ Ji and r £ J„, we set 

fcj ir := min{n £ N | aj + nay £ i?}. (1-8) 

Then from ((T3|) and (Ti~7) we have 

if a, G 4ft, 

7Lki^ r o r C i?. with fcj ir = < . (1-9) 



if «i G i?/„, 



where 

f fc, if r G J*, 



(1.10) 



I 1, if r £ J*. 

Next, for all r < s G J„ and i,j G Ji, we set 

Oj,j(r) := kj >r k^(cei,a^), Oij(r,s) := kk^ 1 k i:r k j:S (a^ ,aj), (1-H) 

and 

{(5i(r, s), if r < s £ J f , 

1, if (r, s) £ J t x J*, (1.12) 

<5a(r,«), ifr<sGJ*, 
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where 

fl, if {r,s} E supp(Sj), 

yr, S ):= (1-13) 
[2, if {r,s}^ suppOS,-). 

By [A"S3l (2.18) and (2.19)], we have 

a^-(r) SZ and A(r,s)" 1 a, J (r,s)eZ. (1.14) 

We now briefly recall the definition of an extended affine Weyl group. Let V be the 
real span of 7? and set V := V © (V )* = V © V° © (V )*, where (V )* is the dual space 
of V°. Extend the form on V to V naturally, by dual pairing, namely 

{p 1 +6 1 + X 1 J 2 + S 2 + X 2 ) := (/3i,/j 2 ) + A 1 (5 2 ) + A 2 (5 1 ), (1.15) 

for £ V, Si £ V° and A* E (V )*. The (extended affine) Weyl group W of R is 
by definition the subgroup of GL(V) generated by reflections w a , a E R x , defined by 
w a {u) — u — (u,a v )a, u E V. We may identify the finite Weyl group W of i? as a 
subgroup of W. We note that the following relations hold in W. 

w a = 1 and wWaW -1 = w w t a \ (a E R x ,w E W). (1-16) 

Finally, we recall from |A4[ Lemma 3.18(i)] or |AS3[ Proposition 2.1 (vii)-(viii)] that 

the center Z(W) of W is a free abelian group of rank v{y — l)/2. 

We recall that a group G is called Hopfian if any epimorphism from G onto G is 
one-to-one. A group G is said to satisfy Max-ro condition if any ascending chain of 
its normal subgroups terminates. Finite groups and free abelian groups of finite rank 
satisfy Max-n condition. Also if N is normal in G and both and G/N satisfy Max- 
n condition then so does G. Finally, it is known that any group satisfying Max-n 
condition is Hopfian (see [R], page 40). 

Lemma 1.18. W is a Hopfian group. 

Proof. From Lemma 3.18 and |A4[ Propositions 3.25, 3.27], we know that W contains 
a normal subgroup H, satisfying W = "W x H, where Z(H) and H/Z(H) are free 
abelian groups of finite rank. Since Z(H), H/Z(H) and W/H satisfy Max-n, W also 
does, and so is Hopfian. □ 



Remark 1.19. (i) The fact that W is Hopfian also follows from Theorem 12.331 

(ii) If R is the root system of an extended affine Lie algebra, then the Weyl group 
of R which we defined here is isomorphic to the Weyl group of the corresponding Lie 
algebra which, as usual, is defined as a subgroup of the general linear group of the 
corresponding Cartan subalgebra. 
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2. PRESENTATION BY CONJUGATION 

We keep all the notations and assumptions as in the previous section. In particular, 
R is a reduced non-simply laced extended affine root system of rank £, nullity v and 
twist number t of the form (|1.5p and W is its extended affine Weyl group. Throughout 
this work we denote the center of a group G with Z(G) and the commutator x~ 1 y~ 1 xy 
of x, y G G with [a;, y]. Recall that if x, y G Z(G), then xy — yx, and so (xy) n = x n y n 
for all n G Z. Also if x, y, z G G and [x,y] G Z(G), then [x,yz] = [x, y] [x, z] and 
[x n , z m ] — [x, z] nm for all n, m G Z. These facts will be used in the sequel without any 
further reference. 

Definition 2.1. Let W be the group defined by generators w a , a G R x and relations: 

(I) w 2 a = 1, a G i? x 

(II) w a Wf3W a = u> Wa (p)> a,/?Gi? x . 

We say that the extended affine Weyl group W of R has the presentation by conjugation 
if W = W. It follows from Lemma \1 . 1 81 that , "W has the presentation by conjugation if 
and only if the epimorphism 

ip-.W — >W, (2.2) 

induced by the assignment w a i — > w a is one-to-one. (Note that by (|1.16p . the defining 
relations of W are satisfied in W.) 

Since the finite Weyl group W has the presentation by conjugation (see [St]), the 
restriction of tjj to W := (w a \ a G i? x ) induces the isomorphism 

W^W. (2.3) 
One can easily deduce from relation (I) and (II) that 

ww a w~ 1 = W^a,)( a ) (w G W, a G R x ). (2.4) 

Lemma 2.5. (i) ker(^) C Z(W). 

(ii) Z(W) = %l)-\Z{yt)) and i)(Z(W)) = Z(W). 
(Hi) Z(W)/ker(Vf) = Z(W). 

Proof, (i) Let w G ker(^>). From (12. 4j) we have WWaW -1 — tt>^(^v a ) = «j a for all 
a G i? x and so w G Z(W). Thus (i) holds. 

(ii) Let to G Z(W) and £ G V _1 (^(W))). Then From pTT6|) and the fact that 
ip(z)(a) = a for all a G V (see [AS3l Proposition 2.1 (vi), (2.13) and (2.7)]) we have 
V'(w)waV'(^) _1 = ^(wwaib^ 1 ) = ip(w a ) = w a and zWaZ -1 = w^(£)( Q ) = w a for all 
a e R x and so w G V' _1 (^( w ))) and ^ G ^(W). Thus (ii) holds. By (ii), the restriction 
of -0 to Z(W) induces the epimorphism -0 : Z(W) — > Z(W) and so (iii) holds. □ 

Let supp(S , J ), j — 1, 2, be the supporting class of Sj with respect to H>j (see (JT73J) ) 
and II be the basis of ii in the form (|1.6[) . We set 

n:=nun x , where (2.6) 
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f {01 +Tj | J G supp(Si)} U {e 2 + T, | J G supp(S 2 )}, if X = B a , 

{0i + Tj I J e supp(S'i)} U {6*2 + a r | r G J*}, if X = B t [i > 3), 

{0i +<r r | r G J t } U {0 2 + Tj | J G supp(ft)}, if X = C e {i > 3), 

, {0i + a r ,62 + a s \ r e J t , s E Jl}, if AT = F 4 or G 2 . 

An argument similar to AH Section 4] gives the following lemma (see |Shl Theorem 
2.3.3] for a detailed proof). 

Lemma 2.7. W = (w a : a G II) and WIT = i? x . 

From the way W is defined we have W = F/N, where F is the free group on the set 
{r a | a G R x } and TV is the normal closure of the set K :— {r^, r a r 1 r a r Wa ^ a, 7 G 
i? x } in F. Then u) a = r a iV", a G i? x . Now fix /3 G i? x and let W/3 be the orbit of /3 
under W. Let $^ : F — > Z2 be the epimorphism induced by the assignment 



1, if a G W/3, 
0, if a G i? x \ W/3. 

Since if C ker(<I> ( g), the epimorphism $^3 induces a unique epimorphism 4"^ : W — > Z2 
so that $p(w a ) = $p(r a ), a G i? x . Then 

^((i&a |aGi? x \W/3)) = {0} and ^ (u- ft ■ • ■ wp J = n, (A G W/3), (2.8) 

where n is the image of n in Z 2 under the natural map. 

Lemma 2.9. {w a \ a G 11} is a minimal set of generators for W. 

Proof. If a G i? x , then by Lemma \2. 71 we have a = wp 1 ■ ■ ■ wp m (P) for some Pi G II 
and so by (|2.4p . u) Q = wti^w" 1 G (w Q | a G IT) where u? = wp 1 ■ ■ ■Wp m . Thus the 
set in the statement generates W. To show that it is minimal, fix (3 G IT and set 
Hp := IT \ {/3}. We must show that the elements w a , a G Ilg do not generate W. We 
show this by a type dependent argument. First we note from |A4[ Lemma 2.16] that 

p-Ox+Rsh + iL) \iX = B i {l >2), p€R sh , 
P - 02 + Ri g + 2(S) if A = 5 2 or A = Ct(£ > 3), p G R lg . 

From this (and the way IT is defined) one sees that Hp C R x \ W/3. So form (|2.8p we 
have $p(u>) = for any w G (w a \ a. G IL3} and <&p(wp) = 1. Thus 1&/3 ^ (w Q | a G Tig). 
Next let, /3 G R ig for X = > 3) or /3 G R sh for X = C £ (£ > 3). Then form the 
way IT is defined, it is clear that 11,3 spans a (y + I — l)-dimensional subspace of V. 
Now suppose to the contrary that wp = wp 1 ■ ■ ■ wp m for some Pi G 11^. Then applying 
the epimorphism ip we get wp = wp 1 ■ ■ ■ Wp m . By acting both sides on /3 we see that 
P G span R {/3i, . . . , p m } C spanIT/3. That is spanlT^ = spanll = v + £, a contradiction. 
The argument for types F4 and G2 is exactly the same as what we did in this paragraph. 
This completes the proof. □ 

For a G R x , a G V° with a + a G R, we set 

i a a = w a+rT w a . (2.10) 



W/3 C 
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The elements of this form play a crucial role in our description of W. 

Convention 2.11. Wc reserve the symbols a, /3, 7 for elements of R x and symbols 
S,o,n for elements of V . By a symbol such as w a +a or t°, we always mean that 
a e R x , a G V° and a + o G R. In places that this convention might cause confusion 
we clarify the situation. To see how we use this convention note for example that from 
Lemma r2.12f iii) we understand that 5 r G V° and a, a + 5 r , a + Ylr=i ^ r e ^> ^ or an r - 

Lemma 2.12. ^4ny element in W which has one of the following forms is central: 

(i) [&$]> 

(m) ^a+cr^a' 5 ; 

(m) ta^-n^i^T- 

Proof. Since the image of each element of the given forms is central in Z(W) (see 
|AS1[ Lemmas l.l(iii)-(vii) and 1.2] for details), the result follows immediately from 
Lemma [2~5T ii). □ 

Here we record the following useful lemma from |A3[ Lemma 3.18]. For the conve- 
nience of the reader we present its proof here with a simpler argument than the one 
in [S3]. We recall from [AABGP1 Chapter II] that if a, a + o G R x for some o G V°, 
then ol + no G i? x for all neZ. 

Lemma 2.13. (%) n = t" CT and = % for all neZ. Moreover, t~ a = i a _ a . 

Proof. Clearly the first claim holds for n = 0,1, moreover, for n G Z we have 
u> Q + CT w Q (a: + (n — 2)cr) = a + no. Then using induction on n > and applying 
relations (I), (II), we obtain 

= (w a+a w a ){w a+a w a ) n ~ 2 (w a+a w a ) 

= (w a+a w a ) n = {ii) n . 

If n < 0, then (w a + a w a ) n — (w a ^ a w a )~ n — w a + na w a . The second claim holds since 

i a — m (in in W> — f(n+l)a f-ncr _ fa 

l oc+na — w a+na+iT\ UJ a w a) w G:+n<T — 1 ol 1 ol a' 

Finally, since by (|2.4p . w a w a +,jW a = u)_ Q+cr , the last assertion holds. □ 



Lemma 2.14. (i) t^Ji = . ^ 

(ii) [t a a , i 5 ] = ipi^ a ^Jp = ^if' a )a . In particular, if (a, (3) = or = 8. 

then [i a a , i s p ] = 1. 

Proof, (i) By Lemmas 12. 121^ 1) and 12.131 we have 

*a+tr*a = W a+a W a+a+ sW a+ sW a = W a+a+ sW a+ sW a W a+a = 1^+^° ■ 
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(We have used the fact that if xy is central for two elements x, y of a group G, then 
xy = yx.) 

{ii) Using (HI} and Lemma[Hl we have **] = i^i^tjp = i~* y i 5 . But 

i J (^a' T (0)) — w uU) a+a (f3) = [3 — ((3, a v )er. The second equality follows immediately 
from part (i) and (|2.10[) . Finally if (a, (3) = or a = 8, then using Lemma T2.131 we are 
done. □ 



Lemma 2.15. (a) If a, [3 belong to the same orbit of R x , under the action ofW, then 



(i) i s a ] — [ip, ip], 



8 f-8 



r-£" =1 <5 r T-rll fS r 
l <* \.lr=l J '£ 



(Hi) t a ' Ilr=l 4 a "(3 llr=l<"/3- 

(b) If a, a' belong to the same orbit of R x under the action of W and [3,(3' are 
elements of R x such that (a,(3 y ) = (a 1 ,(3' ) then 

Proof, (a) Let w 6 W be such that (3 — w(a) and fix a primage ii € W of ai under 
By Lemma T2.121 the left hand sides (LHS) of the equalities in the statement are all 

central, and so i&LHSi/) -1 = LHS. But by (|2.4p . we have ww a + ri w~ l = Wf3+ V for any 

rj G V°. The result now follows immediately. 

(b) Let neWbe such that a' = w(a) and fix a primage w G W of w under 

Then using Lemma I^.14f ii) and (|2.4p we have 



This completed the proof. 



For further study of the center of W we need to introduce some new terms. Our 
motivation for defining the term z, below has been |AS3( Lemma 2.3]. For J C 4, 

a, a! G R s h and f3, (3' G Ri g with (a' , (3 r ) < 0, we set 



Tfa r fa 



if J € supp(Si), 

if J = {r, s} g" supp(S'i), r < s e J t , 



tg Tj llrej*?! if J e supp(S , 2 ), 



[ V ' V ] ' 



if J = {r, s} supp(S 2 ), r <s£ J*, 
if J = {r,s}, r & J t , s 6 J* , 



(2.16) 



1 , otherwise. 

We note that by Lemma f2.15i definition of z 7 does not depend on the particular choice 
of (a, j3) G iU x i?, g and (a', 0?) G i? s/i x with (a 1 , /?') < (if a 1 , a" G [3', 13" G 
fl /g with (a' ,(3') < and (a",/3") < 0, then (a',f3' v ) = (a",/3" v )). Note also that 
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z {r} = 1 for all r. By (fl~9j) . ([TTO]) and Lemmas EU and ESJii) we have (for JC 
and (i, r) G X J„) 

*i,r := t£j' r<rr = w Qs+feli ,. CT > ai and z r G Z(W). (2.17) 

The following proposition plays an essential role in the sequel. Our argument for part 
(iii) of this proposition relies on several known results in the literature. In particular, 
a known fact that the presentation by conjugation holds for all extended affine Weyl 
groups of nullities < 2 is used in the argument. For convenience of the reader we give 
another proof for Proposition ^. 191 iii) in the appendix (see Lemma 13. II) which assumes 
no previous knowledge about the presentation by conjugation for low nullities. 

Let us set 

f Esupp(S'i) UEsupp(5' 2 ) \fX = B 2 , 

Esupp(Si) if X = B t (l > 2), 

Esupp(S 2 ) if X = C e (e>2), 

\iX = F i ovG 2 , 



3 = 3(X,S 1 ,S 2 ) 



(2.18) 



(Esupp(Sj), J = 1,2 is given by 

Proposition 2.19. (i) W = (w ai , t^ r , z {r Zj \ i G Je, r < s G J u , J G 3), 
(ii) Ifi,j G Je, T G J v and a,j(r) is given by il.ll}) , then 

t - _ f f— ai,j(r) 

(Hi) Ifi,j G Je, r < s G J v , then 

\t f 1 — ? A (^ S ) _la »,3(^ S ) 

where di t j(r,s) and A(r, s) are given by 11.11]) and kl.!2\) . 
(iv) If J € supp(Si) U supp(S 2 ), then 



n 

{r,s£j : r<s} 



(v) Z(W) = {Zr } , z j \ r < s G J v , J G 3), where 3 is given by 12.18\) . 

Proof, (i) Let T be a group given in the right hand side of the statement. By (|2 . 1 7|) 
and Lemma \2. 91 we only need to show that for any G II, wp G T. Clearly this holds 
if P = ai for some i G Je- If /3 = 6j + ay for some (j, r) G ({1} x J t ) U ({2} x J*), 
then from the fact that wp = tj^ r wg j , it is clear that wp G T . Next, let [3 = 8j + r ; , 
for some j G {1,2} and J G supp(S' :) ), then from the way z ; is defined we have 

W0 J+Tj = WBjZjiYl^jtj.r)- 1 G T. 
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(ii) We have 

(using {HI) = V^ti-^a,)™". 
(using (HU), Q2T7J) and I) = ij,rW Wai w c , i+k . rar { az )W ai 

(using Hm|)) = ij,rW at -k i Aai,a))<r r W ai = ij,rW az -a ltJ (r)k z , r a r W ai 

(using (jTTTi|) and Lemma [2T3|) = tj,r(w Ql +/c 1 , r a> Q ,) _ai ' j(r) = ijJlT' 3 ^ ■ 

(iii) Set I := [i,>,tj>]*~* (r,s)_loi '' (n<,) . From [^531 Lemma 2.5(i)], it follows that 
t/>(z) = 1. If (ai,aj) = 0, then by Lemma I2.14f ii). z — I. So we may assume 
(pti, ctj) ^ 0. Set 

T = R* n (Ma, + Raj + Roy + Ra s ). 

Clearly T satisfies the axioms of a Saito extended affine root system ( |A2[ Definition 
1]) and so by |A2[ Theorem 18], T is the set of non-isotropic roots of an extended affine 
root system Rt of nullity < 2 (see also [Hit Proposition 5.9]). Let Wt be the group 
defined similar to W, corresponding to the extended affine Weyl group of Rt- From 
(|2~T7)l and (|2~TB)) and the way R T is defined, it follows that z G Wt- By [A3, Theorem 
3.1], the Weyl group Wt has the presentation by conjugation, and so the restricted 
map ip : Wt — ► Wt is an isomorphism. Thus z = 1. 

(iv) Let J G supp(S'j), j G {1, 2} and set w — Yl reJ tj, r . Then kj, r = kj tS — 1 for all 
r,s G J. Since ip{tj, r ){8j) = Oj + 1cr r for all r G J, we have ip(w)(8j) = 8j + 2r 7 . So 
from (|2.16|) and the fact that dj,j{r, s) — a,j,j(r) — 2 (see (jl.lip ) we have 

(using Lemmas m^iii) and [233]) = {tgJ J ) 2 w 2 = (t g ~ 2Tj )w 2 

(using (|2.10p and l|2.17p ) ^iV8 j we j+2 T r w 2 = wg^^g.^w 2 
(using (|2.4p ) = » j ttiw j ii)~ 1 w 2 = wg.wwg.w 
(using I and (i)) = ( JJ u^t^) (JJ t,- r ) = (]J *Ar)flI *J>) 

r £E J r E J r £ J r £ J 

(using an)) = n [t i , r ,* J> ]= n ^t» %srl - 

r<sEJ {r,s£j : r<s} 

(v) By (|2.17p it is enough to prove Z(W) is a subset of the right hand side of the 
equality. Let w G Z(W). By parts (i)-(iii), we see that w can be written as an expression 
in the form w = w J[" =1 Ili=i wnere ^ G W, rij >r G Z and z G (z {r , 1 7 | r < 
s G J v , J G 3). Then we have 

^(u)) = ip(w) Yl H^r^C*) e Z(W) where t iir := V'^i.r) = Wa t +k^ r a r w ai . 

r—1 i—l 
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Since ip(w) € W and ip(z) G Z(W), we have from [AS3l (2.9) and Proposition 2.1(v)] 
and (|2.3[) that w = 1 and 7ii ir = for all i,r. Thus w = z G (i {rs} , z 7 r < s 6 

J., Je3). □ 

To obtain further information about ker(^) and consequently about the existence of 
the presentation by conjugation for extended affine Weyl groups under consideration, 
we need to introduce a new term, called an integral collection. 

For all 1 < r < s < v and J C {1, . . . , i/}, we set 

f 1, if{r,s}CJ, 

(2.20) 

[ 0, otherwise, 

We call e = {e,},/eg, e 7 G {0, 1}, an integral collection for (S\,S2), if 

e r , s := A^s)- 1 ^x J (r,s)e J G Z, for all r < s G J„, (2.21) 

where 3 is given by (|2.18[) (if J is an empty set, we make the convention that the 
sum is zero and interpret e as the zero collection ). If e s = for all J G d, we call 
e = {0}j e g the trivial collection. It is clear that the trivial collection is an integral 
collection. Clearly there are at most 2' a l integral collections for (Si, 82)- Any integral 
collection different from the trivial collection is called non-trivial. 
For any integral collection e = {Cjjjgg of (Si, S2), we set 

"( £_ ) : = n - 11 : ( 2 - 22 ) 

l<r<s<v JG8 

Proposition 2.23. (i) 

hst(tp) = [uE Z(W) I u 2 = 1} 
= {u G Z(W) I < 00} 

= {u(e) | e is an integral collection {or (Si, S2)}. 

fii] TTie assignment e 1 — > 6(e) is a one to one correspondence from the set of integral 
collections for (Si, S2) onto ker(ip). 

Proof, (i) From Lemma l2~5T iii) and (|1 . 17[) we have 

{u e Z(W) I u 2 = 1} C {u e Z(W) \ \u\ < 00} C ker(^)). (2.24) 

Next, let u G kei(ip). By Lemma [2757 1) and Proposition 12. 19f ivV (v) . u can be written 
in the form 

"= II C^I1^ J ' K, S GZ, e ; e{0,l}). (2.25) 

\<r<s<v j£3 
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Then using (pT25j) . (|2?20|) and Proposition l2lH v) we have 



u 2 



II II 

l<r<s<iy Je3 



„2e , 



(using Proposition EHiii)) = [] z^ 8 ]]( J] i { 2 f s ( } r ' s) l ) e J 

l<r<s<!/ Jea {r,s£j : r<s} 



II " II II 

l<r<s<l/ j£3 l<r<s<u 

l<7"<s<f l<r<s<^ 



n ^f 2 ^^" 1 ^^^^ (2 26) 

l<r<s<f 



and so 



1 = V,(" 2 )= II z 2 { Zr +2A{r ' SrlJ:j * SXAr ' S)£j , (2-27) 

l<r<s<i^ 

where z. s , := ip(z, rs -,). Set e := {ej}jeg and e rs := m r>s . Since (z {ra} r < s S J„) 
is a free abelian group on generators z {rs} 's (see |AS31 Lemmas 2.2(i) and 2.3]), the 
integers e r . s 's satisfy (I2.21[) . Thus u 2 = 1 and u = u(e) where e is an integral collection. 
Thus 

ke-r(V>) C {u(e) | e is an integral collection for (Si, S 2 )} c{ie Z(W) u 2 = l}. 

This together with ()2.24p completes the proof of (i). 

(ii) By (i), it is enough to show that the assignment e i — > u(e) is injective. Now 
let u(e) = u(e'), where e = jes and e' = {e' }jea are two integral collections for 
(Si, 62). We claim that e = e'. Suppose to the contrary that e jQ ^ for some 
J S Esupp(5j), j = 1,2 (see (|2.18p ). Without loss of generality assume e 7 = 1 
and e'j = 0. Then z" 1 = fl(e)ij 1 fi(e / ) _1 £ (£ {rs} ,z J | r < s e J,, Je3 \ {Jo}) • 
Set /? := #j + t, 6 n (sec (|2.6p ). Therefore from the ways z/s and II are defined 
(see (|2.6p and (|2.16p ) and the fact that — wg^Zj^ (J\ reJo ^>) _1 > ^ f°ll° ws that 
W/3 6 (u) Q I a £ LT \ {/?}). But this contradicts Lemma [231 □ 



Remark 2.28. By Proposition 12.231 the number of integral collections for (Si,^) 
does not depend on the particular choices of V, S± and S2 in the description of R in 
the form (|1.5p . In fact, as isomorphic root systems have isomorphic Weyl groups, it 
follows from Proposition ^. 231 that 

Inc(i?) := the number of integral collections for (Si, S2) 

is an isomorphism invariant of R. Since the trivial collection is an integral collection, 
we have Inc(i?) > 1. 

Corollary 2.29. ker(?/>) is isomorphic to a direct sum of at most \3\-copies of 7*2- 
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Proof. From Proposition ^. 23f ii) and the fact that there are at most 2' 3 ' integral collec- 
tions for (Si, S2) we have | ker(V>) < 2^L Also by Proposition 12. 23{ i) each non-trivial 
element of ker(^) is of order 2, therefore the result is clear as ker(ip) is abelian. □ 

Let no E 1>o be the number of copies of Z2 involved in ker(-0), then 

|kerC0)| = 2 no and n Q = log 2 Inc(E). (2.30) 

Corollary 2.31. (i) If 3 = (in particular for types X = F4 or G2), then no = 0. 

(ii) If X = B% and {r, s} E supp(Si) U supp(S2) for all r, s E Jt or r,s E J* , t/ien 
rto = \Esupp(Si)\ + \Esupp(S2)\ ■ In particular, if S\ and S2 are lattices, then 




(Hi) If X = Bg (I > 2) and {r, s} E supp(Si) for all r, s E Jt, then no — \Esupp(Si)\ . 
In particular, if Si is a lattice, then 

n = 2* - 1 - t - 

(iv) If X = Ci (£ > 2) and {r, s} E supp(S2) for all r,s E J*, then no = \Esupp(S2)\ ■ 
In particular, if S2 is a lattice, then 

n = 2»- t -l-v + t- ( " 2 1 V 

Proof. By |AS2| Example 1.4(h)], under the assumptions given in each statement, 
there is exactly 2™° integral collections. Now the result follows from Proposition 

i2~23n r). □ 




Definition 2.32. Let R be a reduced extended affine root system with extended affine 
Weyl group "W. Following [HI] , we call R a minimal extended affine root system, if 
there is no a E R x such that the reflections associated to the elements of the set 
i? x \Wa generate W. 

We now state our main theorem about the presentation by conjugation. 

Theorem 2.33. Let R = R{X, S±, S2) be a reduced non-simply laced extended affine 
root system of the form \1.5\) with extended affine Weyl group W. Then the following 
statements are equivalent: 

(a) W has the presentation by conjugation. 

(b) Z(W)=Z(W). 

(c) Z(W) is a free abelian group. 

(d) The epimorphism if : W — > W given by i2.2\) is infective. 

(e) {w a I a E II} is a minimal set of generators for W, where II is given by \2.6\) . 

(f) Inc(R) = 1. 

(g) R is a minimal root system. 
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Proof. Clearly (a) =>(b), and assertion (b)=£-(c) follows from Proposition 12. 5f iii) and 
(11.1 T[) . From Lemma l2.5f i). Proposition [2.23l and (| 1 . 1 T[) we have fc)<=>fd). The assertion 
(d) (e) follows immediately from Lemma 12.91 We now show that (e) => (d) . Clearly 
(d) holds, if X = F 4 or G 2 (see Corollary l2"3l"l) . Next, let X = B t or C t . Suppose to 
the contrary that (e) holds but (d) does not. Let l^w€ kcr(^). Then by Proposition 
I2.23f i). u can be written in the form u — u(e), where e = {Cjjjgg is a nontrivial 
integral collection for R. Let e jQ = 1 for some Jo G 3 and set /3 := 0j + t 7o 6 II, where 
Jo G Esupp(S'j), j = 1,2 (see (|2.18jl ). Then applying the homomorphism ^ to the both 
sides of u — u(e) we have 

z Jo= II II 4 J , where ^ :=V(^). 

l<r<s<v Jea\{./ } 

Now using an argument similar to the proof of Proposition 12 . 23T ii) we get that wp € 
(w a | a G II \ {/?}) which contradicts (e). The equivalence of (f) and (g) is immedi- 
ate from Proposition 12.231 This completes the proof that the first six assertions are 
equivalent. Finally the equivalence (d) ^ (g) is proved in |H1[ Theorem 5.8]. □ 

Using Theorem 12.331 and Corollary 1 2 . 3 1 1 we have the following result. 

Corollary 2.34. 1/3 — 9 (in particular for types and G2), then W has the presen- 
tation by conjugation. 

Let 81,82 be given by (|1.13p . As in [AS21 §1], we call a collection {e r } ; e Esupp(S •)' 
1 < j < 2, €j G {0, 1}, an integral collection for Sj, if 

^O^r 1 ^2 X.,{r,s)e., G Z, 
JeEsupp(Sj) 

for all r < s G Jt if j = 1, and r < s G J* if j = 2. Then employing the notion 
of integral collection for semilattices Si and S2 and using (|2.2ip . (|2.18[) . (|1.12p and 
Theorem 12.331 we have the following corollary. 

Corollary 2.35. (i) If X = B2, then W has the presentation by conjugation if and 
only if the trivial collection is the only integral collection for Si and S2 ■ 

(ii) If X — Bi(£ > 3), then W has the presentation by conjugation if and only if the 
trivial collection is the only integral collection for Si . 

(Hi) If X = Ci(£ > 3), then W has the presentation by conjugation if and only if the 
trivial collection is the only integral collection for S2 • 

Using Corollary |2.351 |AS2[ Example 1.4(iii) and Lemma 1.5] and Theorem 1 2 . 331 we 
have the following corollaries: 

Corollary 2.36. If X = B2, then R is a minimal extended affine root system if one 
of the following conditions holds: 

(a) ind(Si) — t < 3 and ind(S2) — {v — t) < 3, 

(b) t < 3, v — t < 3, ind(Si) ^ 7 and ind{S2) 7^ 7. 
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In particular, if v — t < 3 and t < 3, then 



R is minimal 



ind(Si) 7^ 7 and ind{S2) 7. 



Corollary 2.37. If X = Bi (£ > 3), then R is a minimal extended affine root system 
if one of the following conditions holds: 

(a) ind{S\) — t < 3, 

(b) t < 3 and ind(Si) ^ 7. 

In particular, if t <3, then R is minimal if and only if ind{S\) ^ 7, 

Corollary 2.38. If X = Cg (£ > 3), then R is a minimal extended affine root system 
if one of the following conditions holds: 

(a) ind{S2) — (y — t) < 3, 

(b) v — t < 3 and ind(S2) ^ 7. 

In particular, if v — t < 3, then R is minimal if and only if ind(S2) ^ 7. 

Remark 2.39. In |A4[ (4.16)], the author defines a notion of index, denoted ind(i?), 
for a reduced extended affine root system R and shows that if ind(i?) = 0, then W has 
the presentation by conjugation. From Corollaries I2.36ff2.381 it is immediate that an 
extended affine root system of index zero is minimal and so by Theorem 12.331 has the 
presentation by conjugation. 

Corollary 2.40. (i) If X = Bg and Si satisfies one of the following conditions, then 
R is not minimal: 

(a) There exists J € Esupp{S\) such that {r, s} £ supp(Si) for all r,s 6 J. 

(b) t > 3 and Si is a lattice. 

(c) t> 3 and ind(Si) = 2* - 2. 

(ii) If X = Cg and S2 satisfies one of the following conditions then R is not minimal: 

(a) There exists J £ Esupp{S-2) such that {r, s} € supp{S2) for all r, s G J . 

(b) v — t > 3 and S2 is a lattice. 

(c) v - t> 3 and ind(S 2 ) = 2""* - 2. 

Proposition 2.41. Let X — Bg,Cg. and v,t,m\ and 7712 be integers such that 7 < 
t + 4 < mi < 2 — 1 and 7 <v — t + A < ni2 < 2 l/ ~ t — 1. Then there exists an extended 
affine root system R = R(X, Si, S2) of nullity v , twist number t with 




(2.42) 



and 




(2.43) 



such that R is not minimal. 



Proof. Let ii be a finite root system of type Bg or Cg in V equipped with a positive 
definite symmetric bilinear form (•,•). Let V = VffiVjffiVj, where dim V° = t and 
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dimV" = v — t. We extend the form (•, •) on V to a positive semi-definite symmetric 
bilinear form, denoted again by (•,•), on V as follows 

(-,.), xt :=(v) and (V,V°):={0}. 

By the proof of |AS2[ Corollary 5.18], there exist semilattices S\ and S2 in and V®, 
respectively satisfying (|2.42p and (12.43|) such that nontrivial integral collections exist 
for them. Then 

R = R(X, SuSz) := (S + S) U (R sh + Si © (S 2 » U (i? ig + 2(Si) © S 2 ) 

is an extended affine root system of type X, nullity v with twist number t. By Theorem 
12.331 R is not a minimal root system. □ 



3. Appendix 

In the proof of Proposition 12 . 1 9f iii) . we used several results from literature on the 
concept of the presentation by conjugation. For the convenience of the reader we 
provide here a direct proof for part (iii) of Proposition 12 . 191 which is self-contained, and 
unlike the earlier proof does not require any previous knowledge about the existence 
of the presentation by conjugation for low nullities. 

Lemma 3.1. = £A(r,«)- 1 a 4J (r,.) j hJ G r < s G Jy 

Proof. Using (|2.17p and Lemma r2.14f ii) we have 

If (ai,aij) = 0, then aij(r,s) = and so by (|3.2[) we are done. So we may assume 
(ccj, atj) 7^ 0. The only cases which we must consider are: 

(1) (c\!j, aj) G R x Rsh with r < s <E Jt or (ccj, ay) 6 J?x with r<sG J*, 

(2) (aj, <x,) G i? s /i. x i?; g with r < s G Jt or (a,, <x,) £ x i? s/l with r < s G J*, 

(3) (a,, ay) G x 7? ;g with (r,s) G J t x J*, 

(4) ay) G Rsh x fish with r < s G J* or (r, s) G J t x J*, 

(5) (a,, aj) G x with r < s G J t or (r, s) G J t x J*, 

(6) (a,, ay) G i?; s x i? s/t with (r,s) G J t x J*. 

If (1) holds, then by (|1.9[) and (|1.10[) we have kj >r — kj >s — 1 and kk^a)- = aj and 
so a,ij(r,s) = (ay,a/)fc^ r (see (|1.11|| ). First, let {r, s} G Supp(Si) U supp(S*2). Then 
A(r, s) = 1 (see (|1.12|Q and so using (|3.2p we have 

rf f 1 _ f- a i,j( r > s )< T rfa i . j (r,s)a r 

(LemmaslSIlandlSIlii)) = (i^AT^ = ii^aX^T'^ 
(using Lemma [USD = ((^f ^r^r^ 
(using LemmaCDJand UM) = ^^'~ <rr ^)' H,i{ ' r '' ) = fJ^r^OvO. 

(We have used the fact that if xy is central for two elements x, y of a group G, then 
(xy)™ = x n y™ and xy = yx). Next, let {r, s} g' supp(Si) U supp(S*2). Then using (|3.2[) . 
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(|1.14|) and the facts that A(r, s) = (ay, aj) = 2 and kj, r = k, JyS = 1, we have 



rX f 1 _ f-Oi,i(r,s)<r r fai,i(r,s)o 



(using Lemmas [233] and HHii)) = (££' fc ^ 



(using 03) and (l2~16l) ) = [t i)P , ^ ,]%») = gA(r, s ) ViOvO. 



If (2) holds, then we have ki, r = fcj lS — 1, kk r 1 <xf = a, and a^jir, s) — {pn,a^)k 



and so using an argument similar to the case (1) we get 

_ ? -A(r,s)- 1 (a i ,Q J v )fc JiS <T 3 _ ._A(r,s)- 1 a i , J (r, ;i ) 



If (3) holds, then from the fact that A(r, s) = — a%j{r, s) = 1 and the way that z {r s} is 
defined we have 

[f. f . 1 — [f . f. 1-1 — *-l — •A(r ! s)- 1 «,, i (r,s) 

If (4) holds, then by (|1.6[) and the assumption (a.;, Oj) ^ we have k^ r = k\^ r = kj_ s = 
k-2,s — 1 and (a^aj) = (#i,a2)^ = — n where 

n^j 1 ' ifa ^^' (3.3) 

[ —2, if CKj = Oy. 

Then using (|3.2p and the fact that £ii,j(r, s) = tioi 2(r, s) we have 

rr f 1 _ rl f i-l _ (f-(6i,6a )nk 2 , s n 3 1(61,6% )nfc 2 , s <x 3 * _i 

1(61,62 )nk2,s<ts\—l 
81 ' 

(using Lemmas EStii)) andHTSJ) = (C/+V i e ^ 2, ' <7 '4i 1 ' 92V)fca '" <T " )"" = [*2,»» *i,r]" B 



(using case (1) or (3)) = 



*A(r,s) nai, 2 (r,s) _ ;A(r,s) 1 a ii j(r,s) 
Z {r,.> ~ *W> 



If (5) holds, then kj tS — fe,s, (a?, &i)ki, r = (#2, ff\)ki T n where n is given by (|3.3[) and 
cii t j(r, s) = nai 2(r,s) and so using (|3.2p and Lemmas 12. 15f ii) and !2.13l we have 

rr f 1 _ r-(02,0y)nfei ir <r r iC 9 2,^i )nfei, r o- r 

LH,D E j,sJ — l 6 2 +k 2-s cr 3 l 9 2 

_ (f-(62,6i)kl, r <?r$(92,6i)kl, r a r s n _ rf X in 

- l t e 2 +fc 2iSffs r e 2 J - ri," r 2 :S J 

(using case (2) or (3)) = 2^«)~ 1 '*»i.a (»•.*) = |A(r,«)- 1 eH lJ (p,«) < 

If (6) holds, then using (|3.2| and the facts that (ay, a/) = — Ay )S = — A(r, s) = —1 and 
&i,r = k r = k = —a,ij(r, s) we have 

rX i 1 _ r-A(r,s)~ 1 Oi,j(r,s)<r r .i:A(T-,s) _1 ai, i (r,s)CT r 

_ ,f-kj, r a r i%,,.CT r \A(r,s)~ 1 a<,i(>,») 

(using Lemma [2Jlii) and ([231])) = [t i)S , ^^Atr,.)- 1 ^,,^,.) 

(using case (3)) = ^*r l >*Ar,') . □ 
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